Introduction
Consider the problem of finding all possible ways of connecting n cities with the conditions (1)All cities must be either directly or indirectly interconnected (2)One road connects only two cities and(3)There must be one and only one loop formed by roads and this loop connects k cities. This problem is equivalent to finding the number of possible labeled graphs on n vertices that contain exactly one k-cycle(i.e. cycle on k vertices). For (n = 3, k = 3) we have only one possibility and for (n = 4, k = 3) there are 12 different ways.(Refer Figure 1) . n n−k ; ∀n, k ∈ N and (n ≥ k ≥ 3).
Proof
Let G(n, k) represent the number of all possible labeled graphs on n vertices of given vertex set V{v 1 , v 2 . . . v n } with exactly one k-cycle(i.e. cycle on k vertices). Also let T n denote the number of labeled trees on n vertices,which is equal to n n−2 from Cayley's tree formula. The following steps describe the method of counting G(n, k). Without any loss of generality let us assume that vertices {v 1 , v 2 , ...v k } are selected to form a k-cycle. Let us also assume that the distribution of remaining (n − k) vertices among the k vertices of cycle is given by the se-
where α i vertices are associated with vertex v i of cycle such that
ways.Then α 2 could be selected from (n−k−α 1 ) vertices in
ways. Proceeding similarly for all 2 ≤ i ≤ k,
ways. Therefore,number of ways of distributing n − k vertices among the k vertices of cycle as per sequence
C) Forming trees at the vertices of k-cycle
As only one cycle is allowed,only trees could be formed at the vertices of k-cycle.Once n − k vertices are distributed as per sequence
,α i vertices together with vertex v i form a set of α i + 1 vertices to give
Thus number of trees for all the vertices of k-cycle is given by
On combining the steps (A),(B) and (C) we get;
where the summation is carried out for all possible combinations of sequence
Now,exponential generating function would be used to determine G(n, k).Let G(S) and T(S) be defined as
Here, T n = n n−2 and it is known that (for example refer [1] )
On differentiating and simplifying,
From Eq.(3),
By using G(n, k) from Eq. (1)in Eq.(6),
Differentiating both side,
By substituting G(S) form Eq.(2) and ST (S) from Eq.(3),
Now Lagrange Inversion Formula (LIF) shall be used to compute G(n, k) using Eq(4)and Eq(7). LIF as given by [2] is -'Let f (u) and φ(u) be formal power series in u, with φ(0) = 1. Then there is a unique formal power series u = u(t) that satisfies u = tφ(u). Further, the value f (u(t)) of f at that root u = u(t), when expanded in a power series in t about t = 0, satisfies [t n ]f (u(t)) = Here we have, u = T(S),t = S,φ(u) = exp u , f (u) = G(S) = u k (k−1)! (1−u) and f (u) =
